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Biot’s theoryDiffraction of normal compression waves by a penny-shaped crack in a ﬂuid-saturated porous medium is
investigated. Two wave types are considered, namely, compressional wave of the ﬁrst kind, and the sec-
ond kind. The former, also known as fast wave, propagates primarily through the solid, whereas the latter
or slow wave, propagates mainly in the ﬂuid. Each wave propagates in the medium along with induced
wave of the same type in the companion constituent of the material. Application of Biot’s theory in con-
junction with integral transform technique reduces the problem to a mixed boundary-value problem
whose solution is in turn governed by a Fredholm integral equation of the second kind. Near-ﬁeld and
far-ﬁeld solutions are obtained in terms of the dynamic stress-intensity factor and the scattering cross
section, respectively. They are of particular importance to the linear elastic fracture mechanics (LEFM)
and in the scattering theory of elastic waves. The mode I stress-intensity factors are computed numeri-
cally for a set of selected material property values, and shown graphically for various mass density and
viscosity-to-permeability ratios. The obtained results reveal signiﬁcant impact of the presence of pore
ﬂuid upon the stress-intensity factors, both magnitudes and frequencies at their peak values. The inﬂu-
ence of the ﬂuid is also observed from the calculated scattering cross sections of the scattered far-ﬁeld.
Accuracy of the present solution procedure is veriﬁed by comparing the numerical results with existing
results in the limiting case of dry elastic materials.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Scattering of waves at obstacles has been the focus of interest in
various branches of physics and engineering. It has been of practical
use in fracture mechanics and non-destructive evaluation of materi-
als. In manufacturing process and during service life, impurity
inclusions, defects or ﬂaw-like cracks are commonly found in engi-
neeringmaterials. Such inclusions or defects can be regarded aswave
refractors or scatterers when impinged by elastic waves and can give
rise to high local stress ﬁelds (Pao and Mow, 1973). For objects with
sharp discontinuity in shape such as line crack or penny-shaped crack
the magnitudes of the stresses around the crack region are highly
magniﬁed and can be many times higher than the static values.
According to the linear elastic fracture mechanics or LEFM (see e.g.,
Sih, 1968; Achenbach, 1972; Freund, 1976), fracture initiates and
propagates when the intensity of the stress ﬁeld, measured by dy-
namic stress-intensity factor, in the vicinity of the crack region
reaches a critical value at certain frequency or wave length. Such
near-ﬁeld information is particularly useful to assessing the stability
of thecracks.Moreover, locatingandcharacterizing thecracksarealsoimportant. From the scattering theory standpoint, fractures and
defects can be detected and characterized to determine their size,
shape, location and orientation from remote distances. Such theory
has been extensively applied to several techniques for quantitative
non-destructive evaluation (QNDE) of materials by examining the
scattered far-ﬁeld quantities such as amplitude of the scatteredwave
ﬁeld and the scattering cross-section, the quantity which describes
the amount of energy being scattered by the object in relative to the
input energy of the incident wave (see e.g., Barratt and Collins,
1965; Achenbach and Rajapakse, 1987; Zhang and Gross, 1998). The
characteristics ofwave scattering by single object havealso beenused
to determine the effective characteristics of randomly cracked solids.
Brief discussion on the topic has been given by Gurevich et al. (1998).
The detailed investigation of randomly orientedmicro-cracks of pen-
ny shape have been discussed and presented by Zhang and Gross
(1998).
Several attempts have been made to solve the steady-state
problems of wave diffraction in connection with ﬂat circular or
penny-shaped crack in unbounded elastic solid. Robertson (1967)
considered an axisymmetric diffraction problem of a plane har-
monic longitudinal wave by a penny-shaped crack. He reduced
the problem to dual integral equations utilizing the integral
transforms and obtained asymptotic expression of the scattering
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same wave type has also been solved by Mal (1968) to obtain an
expression for the approximation of dynamic stress-intensity fac-
tor in the low frequency range. Further investigation on the diffrac-
tion of normal compression and radial shear waves impinging at a
penny-shaped crack has been explored by Sih and Loeber (1969).
They formulated the problem using the Hankel transform and
asymptotic expansion technique to extract the singularity in the
near-ﬁeld stress analytically from the integral solution, in particu-
lar, the dynamic stress-intensity factor. Solution methods and
near-ﬁeld solutions of several elastodynamic crack problems con-
cerning wave diffraction about stationary and moving cracks have
been provided by Chen and Sih (1977). By direct integral equation
method, the scattering problems for various incident waves have
also been treated by Krenk and Schmidt (1982). In their work,
the scattered far ﬁeld and the scattering cross sections were de-
duced explicitly by expansion of stresses and displacements on
the crack surface in terms of trigonometric functions and orthogo-
nal polynomials. Their numerical results for the normally incident
P-wave were later compared with those obtained by Martin and
Wickham (1983) who used different approach to obtain the solu-
tions of Fredholm integral equations of the second kind. Discrepan-
cies between their numerical results were found to occur at high
frequencies. Zhang and Gross (1992) used numerical approach
based on the boundary integral equation method (Zhang and
Achenbach, 1989) to solve three dimensional elastodynamic crack
problems. For particular diffraction of normally incident P-wave by
a penny-shaped crack, the results of the mode I dynamic stress-
intensity factor and the scattering cross section were reported to
be in good agreement with those of Chen and Sih (1977) and the
results obtained by Martin and Wickham (1983), respectively.
Although a large amount of research has been devoted to exam-
ining the diffraction of elastic waves by obstacles; however, it is
still limited to the mediums of one solid component (single solid
phase material). In fact, many materials encountered in engineer-
ing are porous in nature such as soil and rocks, and some are
man-made and permeable to ﬂuid like concrete. Therefore, tradi-
tional treatment of such problems based on the elastodynamic the-
ory without considering the mutual inﬂuence between the two
constituents may not be appropriate. The general theory of elastic
wave propagation for the two-phase medium which accounts for
the interaction between the solid and ﬂuid parts was initiated by
Biot (1956a,b, 1962), and has been widely applied to model various
engineering problems. Among the problems solved are the diffrac-
tions of waves by obstacles; however, they are still conﬁned to
scattering objects of simple shapes. Mei et al. (1984) studied the
scattering effects of incident P and SV waves upon the stress distri-
bution around a cylindrical cavity in porous medium. Diffraction of
a plane longitudinal harmonic wave by a spherical cavity with ﬂuid
has been examined by Krutin et al. (1984) using Frenkel–Biot mod-
el. Wang et al. (2005) employed the potential and complex func-
tions in the elliptic coordinates, and managed to obtain the
dynamic stress concentration around multiple elliptic cavities in
a saturated soil medium under the inﬂuence of incident harmonic
plane waves. The scattering of seismic waves at a circular tunnel
has also been investigated by Lu et al. (2007). The diffraction prob-
lem of time-harmonic plane waves incident upon a pair of parallel
circular cylindrical cavities of inﬁnite length in an unbounded por-
ous medium has been treated by Hasheminejad and Avazmoham-
madi (2007). A recent investigation on the scattering of plane
waves by a lined cylindrical cavity in the poroelastic half-plane
has been made by Jiang et al. (2009). When obstacles are geometric
forms of sharp cracks, such as line discontinuities or penny-shaped
cracks, published works on the topic are even meager. This is pri-
marily due to the added complexity in the solution method when
the coupling nature between ﬂuid and solid is taken into account.Jin and Zhong (2002) applied the Biot theory of low frequency to
determine the mode I dynamic stress-intensity factor in a porous
medium with a penny-shaped crack of impermeable surface. How-
ever, their solution method is only for impulsive loads that are ap-
plied suddenly to the crack surface, and no solution has been
provided for ﬂuctuating loadings. The diffraction problem of plane
compressional waves of the ﬁrst kind disturbed by a penny-shaped
crack in a porous medium has been considered by Galvin and Gure-
vich (2007). By assuming that the crack is permeable and ﬁlled
with an incompressible ﬂuid, and utilizing the Hankel transform
technique, they obtained solution which is valid for distant region
far away from the crack. Such solution may be of primary impor-
tance in detection and characterization of defects or inhomogene-
ities in the medium and hydraulic fractures in hydrocarbon
reservoirs. However, from the fracture mechanics viewpoint, far-
ﬁeld solution does not provide useful information in the fracturing
process of materials. In a recent investigation, Phurkhao (2013) has
developed an analytical formulation using the Biot theory of low
frequency and the integral transform technique to solve the
diffraction problem of compressional waves (P1 and P2) by a sin-
gle-line crack of ﬁnite width in an unbounded porous medium.
He has demonstrated that, under the plane strain condition and
the waves are applied normally to the crack plane with the crack
surfaces being impermeable, the pore ﬂuid has signiﬁcant inﬂu-
ence upon the mode I stress-intensity factor.
The aim of this paper is to present solution for another class of
problem concerningwave diffraction in a saturated porousmedium
when the propagating disturbances in the forms of plane harmoni-
cally varying compressionalwaves are disturbed by a penny-shaped
crack. The formulation will be based on the Biot theory of low fre-
quency range with special emphasis of ﬁnding the mode I stress-
intensity factor and the scattering cross section of the far-ﬁeld solu-
tion. It is to be assumed that the crack surfaces are impermeable and
the waves are applied at normal incident angle to the crack plane so
that axisymmetry can be taken into consideration in the formula-
tion. Twomodes of incident wavewill be considered in the analysis,
incident P-waves of the ﬁrst kind and the second kind (also referred
to as P1-wave and P2-wave, respectively). Even though they both
may coexist in the medium according to the Biot theory, they will
be treated separately in this study so that the salient effects of the
intrinsic material properties (such as mass densities, ﬂuid viscosity
and permeability) upon the stress-intensity factor can be brought
out clearly. In view ofwave characteristics, P1-wave propagates pri-
marily in the solid part, and by nature it is similar to elastic wave in
thedry elastic solid.While P2-wavepropagatesmainly in theﬂuid at
amuchslower speedand ishighlyattenuated. This latterwave is clo-
sely analogous to the thermal wave in heat conduction process.
Moreover, due to the coupling nature of the two-phase materials,
each wave progresses in the medium along with a companion wave
of the same type in the companion constituent. Outline of the paper
with brief descriptions are as follows. Section 2 describes the basic
equations governing the propagation of waves in the two-phase
medium. Theses equations are non-dimensionalized, and the equa-
tions of motion are decomposed into dilatational and shear wave
equations. Section 3 deals particularly with the derivation of the
incident P-wave functions from the non-dimensional wave equa-
tions developed in Section 2, while Section 4 is entirely devoted to
the formulation and determination of the scattered wave ﬁelds. In
Section 5, asymptotic expression of stress component near the crack
edge isderived todetermine thedynamic stress-intensity factor (k1).
The far-ﬁeld displacement and the scattering cross section are
considered in Section 6. Numerical results computed as the magni-
tude of dimensionless stress-intensity factors and the scattering
cross section of some selected material properties are presented
and compared with known results in Section 7. Finally, essential
ﬁndings are concluded in Section 8.
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Consider a penny-shaped crack of radius a embedded in a satu-
rated two-phase medium. With reference to a generalized coordi-
nate system (x1, x2, x3) having gi and gi, (i = 1, 2, 3) as covariant and
contravariant base vectors, respectively, the non-dimensional
equations of motion without body forces relating the displacement
vectors (normalized by reference dimension a) of the solid part
u = uigi = uigi and the ﬂow of the ﬂuid relative to the solid portion
w =wigi = wigi = f(U  u), with U being the normalized pore ﬂuid
displacement vector and f the porosity of the medium, can be con-
veniently expressed in the following vectorial form (Biot, 1956a,
1962; Phurkhao, 2013)
r2uþ ðb2  1Þ$$  u aaf$$ w ¼ €uþ q €w; ð1Þ
$p ¼ q€uþ q
f
€wþ b _w: ð2Þ
Here, the constant a represents the Biot coefﬁcient and af = M/l the
Biot modulus normalized by shear modulus of the bulk material.
The pore ﬂuid pressure normalized by l is designated by p, while
q denotes the mass density ratio of the ﬂuid to the bulk medium
qf/q. The parameter b stands for the normalized viscosity-to-per-
meability ratio ga=k ﬃﬃﬃﬃﬃﬃﬃlqp , with g being the ﬂuid viscosity and k
the permeability (absolute) of the medium. The constant b = Vc/Vs
represents the ratio of the reference velocity of the dilatational
wave Vc ¼ ½ðku þ 2lÞ=q1=2 and the shear wave velocity Vs = (l/
q)1/2 in the medium, with ku ¼ kþ a2M being Lame’s constant of
the medium under undrained condition. The reference velocity
Vc corresponds to the velocity of the dilatational wave in the satu-
rated medium when there is no relative motion between the ﬂuid
and solid (Biot, 1956a). In Eqs. (1) and (2), a dot over a ﬁeld variable
indicates differentiation with respect to the dimensionless time var-
iable t ¼ ðl=qÞ1=2t0=a, and the symbols r and r2 designate the
usual del and Laplacian operators, respectively.
The equations of motion (1) and (2) can be decomposed into
dilatational and shear wave equations by expressing the displace-
ment vectors according to (Biot, 1962)
u ¼ $/þ $ w; ð3aÞ
w ¼ $/f þ $ wf : ð3bÞ
For orthogonal coordinates, direct substitution of Eqs. (3a) and
(3b) into Eqs. (1) and (2) yields the dilatational wave equations
r2ðb2/þ aaf/f Þ ¼ €/þ q€/f ; ð4aÞ
afr2ða/þ /f Þ ¼ q€/þ qf
€/f þ b _/f ð4bÞ
governing the scalar potentials / and /f, and the shear wave
equations
r2w ¼ €wþ q€wf ; ð5aÞ
q€wþ q
f
€wf þ b _wf ¼ 0; ð5bÞ
which are to be satisﬁed by the vector potentialsw = wigi = wigi and
wf = (wf)igi = (wf)igi.
For isotropic poroelastic materials, components of the total
stress tensor sij and the pore pressure non-dimensionalized by l
are related to the strain components by the following Biot consti-
tutive equations
sij ¼ ðgikgjl þ gilgjkÞekl þ gijfðb2 2Þe aaf ef g; i; j;k; l¼ 1;2;3 ð6Þp ¼ af ðaeþ ef Þ: ð7Þ
Here, ekl representing the strain tensor of the solid part is related to
the displacement vector by
ekl ¼ ðuk lj þ ul kj Þ=2; ð8Þ
while e and ef denoting the dilatation of the solid skeleton and the
ﬂuid part, respectively, can be expressed in terms of the displace-
ments as
e ¼ $  u ¼ gijðui jj þ uj ij Þ=2; ð9Þ
ef ¼ $ w ¼ gijðwi jj þwj ij Þ=2 ð10Þ
in which gij( = gi  gj) is the metric tensor. The expressions ui jj ; uj ij
represent, respectively, the covariant derivatives of the components
ui and uj of the vector u, while those of wi and wj are denoted by wi jj
and wj ij for the vector w. They can be expressed in the following
form
ui jj ¼ ui;j  Ckijuk; wi jj ¼ wi;j  Ckijwk ði; j; k ¼ 1;2;3Þ; ð11Þ
where the symbol Ckik denotes the Christoffel symbol of the second
kind (Green and Zerna, 1968); the vertical lines in the subscripts de-
note the covariant differentiation following Levi-Civita (1927) and
Green and Zerna (1968) whereas comma subscripts mean the
conventional partial differentiations with respect to independent
variables.
In cylindrical coordinates (r, h, z) where x1 = r, x2 = h, x3 = z, the
corresponding components of metric tensor are gij = gij = 0 for
i– j, g11 = g11 = g33 = g33 = 1, g22 = 1/g22 = 1/r2 and the following
relations (ur, uh, uz) = (u1, u2/r, u3), (wr, wh, wz) = (w1, w2/r, w3) relate
the physical displacement components to the associated compo-
nents uk and wk. Moreover, when the z-axis is the axis of symmetry
and perpendicular to the plane of the crack, there are no displace-
ments in the h direction, the stress and displacement ﬁelds are
independent of the angle h. In this respect, the components of
the vector potentials w and wf in the r and z directions vanish,
and only the h components w and wf exist in the equations. This
reduces Eqs. (3a) and (3b) to
ur ¼ @/
@r
 @w
@z
; uz ¼ @/
@z
þ w
r
þ @w
@r
; uh ¼ 0; ð12aÞ
wr ¼
@/f
@r
 @wf
@z
; wz ¼
@/f
@z
þ wf
r
þ @wf
@r
; wh ¼ 0 ð12bÞ
and the shear wave Eqs. (5a) and (5b) become
ðr2  1=r2Þw ¼ €wþ q€wf ; ð13aÞ
q€wþ q
f
€wf þ b _wf ¼ 0: ð13bÞ
Here, the symbol r2 designates the usual Laplacian operator in
cylindrical coordinates (r, h, z), i.e.,
r2 ¼ 1
r
@
@r
r
@
@r
 
þ @
2
@z2
: ð14Þ
A straight forward substitution of Eqs. (8)–(10) into Eqs. (6) and
(7) in conjunction with Eqs. (12a) and (12b) and the following
equations connecting the stresses sij and their physical
components
s11 ¼ srr ; s22 ¼ shh=r2; s33 ¼ szz
s12 ¼ srh=r; s23 ¼ shz=r; s31 ¼ szr
)
; ð15Þ
yields the dimensionless stress components and pore pressure
which can be expressed in terms of the potentials as
P. Phurkhao / International Journal of Solids and Structures 50 (2013) 4292–4304 4295srr ¼ 2 @
@r
@/
@r
 @w
@z
 
þ ðb2  2Þr2/þ aafr2/f ; ð16aÞ
shh ¼ 2r
@/
@r
 @w
@z
 
þ ðb2  2Þr2/þ aafr2/f ; ð16bÞ
szz ¼ 2 @
@z
@/
@z
þ @w
@r
þ w
r
 
þ ðb2  2Þr2/þ aafr2/f ; ð16cÞ
srz ¼ @
@z
2
@/
@r
 @w
@z
 
þ @
@r
@w
@r
þ w
r
 
; ð16dÞ
srh ¼ szh ¼ 0; ð16eÞ
p ¼ afr2ða/þ /f Þ: ð17Þ3. Incident waves
Time-harmonic disturbance propagating in a saturated porous
medium as compressional waves can be expressed as
f/ðiÞ;/ðiÞf g ¼ f~/ðr; zÞ; ~/f ðr; zÞg expðixtÞ: ð18Þ
Here, the superscript (i) over a quantity is used to indicate that the
quantity is associated with the incident waves, and the dimension-
less circular frequency denoted by x is related to the circular fre-
quency in conventional unit by x0 = xVs/a. In Eq. (18), the
functions ~/ðr; zÞ and ~/f ðr; zÞ depend on the spatial coordinates r
and z, and are governed by the following equations
ðb2r2 þx2Þ~/þ ðaafr2 þ qx2Þ~/f ¼ 0; ð19aÞ
ðaafr2 þ qx2Þ~/þ ðafr2 þ qx2=f þ ixbÞ~/f ¼ 0: ð19bÞ
The set of partial differential equations (19) is linear and homo-
geneous whose solutions are also solutions of two linear partial
differential equations each involving only one dependent variable,
namely, ~/ and ~/f . They are
½r2 þ c21½r2 þ c22
~/
~/f
( )
¼ 0; ð20Þ
where
cj ¼ z1=2j ðx=bÞ ¼ ðx=VjÞ þ iqj; ReðcjÞ > 0; j ¼ 1;2 ð21Þ
in which
z1 ¼ 12 n1 þ id
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1  idÞ2  4ðn2 þ idÞ
q 
; ð22aÞ
z2 ¼ 12 n1 þ idþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1  idÞ2  4ðn2 þ idÞ
q 
; ð22bÞ
n1 ¼ 2aaf qafqb
2=f
af ð1a2af =b2Þ
; n2 ¼ ðq=fq2Þb
2
af ð1a2af =b2Þ
d ¼ bb2
af ð1a2af =b2Þ
x1
9>=
>;: ð23Þ
In Eq. (21), Vj ¼ b=Reðz1=2j Þ and qj ¼ ðx=bÞImðz1=2j Þ represent,
respectively, the dimensionless phase velocities and attenua-
tions. In conventional units, they are given by the following
relations
V 0j ¼ VsVj; q0j ¼ qj=a; j ¼ 1;2: ð24Þ
Next to establish the complete solution of Eq. (20), it is ﬁrst to
be noticed that solutions of the following equations½r2 þ c2j 
~/j
~/fj
( )
¼ 0; j ¼ 1;2 ð25Þ
are also solutions of Eq. (20). In view of this observation in conjunc-
tion with the method of separation of variables, it can be shown
that the solutions of Eq. (25) representing incoming waves of
constant amplitudes propagating along the z-axis and being ﬁnite
at r = 0 are
~/1
~/f1
( )
¼ /0 1vf
( )
expðic1zÞ; ð26Þ
and
~/2
~/f2
( )
¼ /0f
v
1
 
expðic2zÞ: ð27Þ
Here, /0; /0f denote constant amplitudes, while the amplitude
multiplication factors vf, v accounting for coupling effects between
ﬂuid and solid parts are given by
vf ¼
1 z1
ðaaf z1=b2Þ  q
; v ¼ ðaaf z2=b
2Þ  q
1 z2 : ð28Þ
Linear combination of the two solutions, Eqs. (26) and (27), in
conjunction with Eq. (18), yields the complete solution
/ðiÞ ¼ /0 exp½iðc1zþxtÞ þ /0f v exp½iðc2zþxtÞ; ð29aÞ
/ðiÞf ¼ /0vf exp½iðc1zþxtÞ þ /0f exp½iðc2zþxtÞ: ð29bÞ
Eqs. (29a) and (29b) contain two P-wave types propagating
along the z-axis in the negative direction, namely, P-wave of the
ﬁrst kind (P1-wave) and the second kind (P2-wave), associated,
respectively, with the exponents (c1z +xt) and (c2z +xt). Here,
the parameters cj, (j = 1, 2) designating the dimensionless wave
numbers are related to the conventional wave number by c0j ¼ cj=a.
Represented by the ﬁrst term in Eq. (29a) is the P1-wave of
magnitude /0. Basically, this kind of wave may be generated by
mechanical source of excitation at far away from the crack region
and propagates primarily through the solid part analogous to
purely elastic P-wave in the dry elastic medium. This is readily
conﬁrmed as qf? 0, g? 0 andM? 0, the root z1 = 1, and the lim-
iting case of dry elastic medium is reached with the wave velocity
and the wave number approach the purely elastic values, i.e.,
V 01 ! c1 and c01 ! x0=c1. At the same time, acceleration of the so-
lid portion coupling with friction between the two constituents
produces pressure gradient in the ﬂuid and generates another
wave of the same type of P1-wave. This induced wave is repre-
sented by the ﬁrst term in Eq. (29b) with amplitude /0jvf j: In
addition to P1-wave, another wave type, P2-wave, also exists in
the medium, and is represented by the second term in Eq. (29b)
with amplitude /0f : This wave propagates primarily through the
ﬂuid in the connected pores, however, at a much slower
speed and suffers relatively high attenuation. In view of wave
characteristics, it closely resembles the pressure wave or acoustic
wave in ﬂuid. Moreover, as the P2-wave progresses through the
pore ﬂuid, it exerts straining in the solid part and thereby gener-
ates an accompanying wave of the same type with amplitude
/0f jvj in the solid portion. This is represented by the second term
in Eq. (29a).
Two fundamental cases of interest are considered separately in
this study: diffraction of P1-waves and P2-waves by a penny-shaped
crack. Both waves are assumed to propagate along the z-axis and
impinge upon the crack surface at a normal incident angle.
By putting /0f ¼ 0 in Eq. (29), it follows immediately that the
incident P1-waves are of the form
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/ðiÞf ¼ /0vf exp½iðc1zþxtÞ; ð30bÞ
wðiÞ ¼ wðiÞf ¼ 0: ð30cÞ
While some of the relevant stresses and displacements are
sðiÞzz ¼ r1ðc1b=xÞ2ð1þ aafvf =b2Þ exp½iðc1zþxtÞ; ð31aÞ
sðiÞrz ¼ 0; ð31bÞ
wðiÞz ¼ ic1/0vf exp½iðc1zþxtÞ ð32Þ
in which r1 = x2/0 corresponds to the static value of the normal
stress component sðiÞzz for small values of x at the crack plane.
The incident P2-waves may be obtained in a similar manner by
simply putting /0 = 0 in Eq. (29), there follows
/ðiÞf ¼ /0f exp½iðc2zþxtÞ; ð33aÞ
/ðiÞ ¼ /0f v exp½iðc2zþxtÞ; ð33bÞ
wðiÞ ¼ wðiÞf ¼ 0: ð33cÞ
Some of the related stresses and displacements can be shown to
be of the form
sðiÞzz ¼ r2c22b2ðvþ aaf =b2Þ exp½iðc2zþxtÞ; ð34aÞ
sðiÞrz ¼ 0; ð34bÞ
wðiÞz ¼ ic2/0f exp½iðc2zþxtÞ; ð34Þ
in which r2 ¼ /0f .
4. Scattered wave ﬁelds
When the compressional waves considered in the previous sec-
tion impinge upon an obstacle such as a penny-shaped crack
embedded in a saturated porous medium of inﬁnite extent, the
waves are reﬂected and refracted or scattered. The total wave ﬁeld
{u, uf, w, wf} is then comprised of the incident and the scattered
wave ﬁelds which may be expressed in the form
/ðr; z; tÞ
/f ðr; z; tÞ
wðr; z; tÞ
wf ðr; z; tÞ
8>><
>>:
9>>=
>>;
¼
/ðiÞðr; z; tÞ
/ðiÞf ðr; z; tÞ
wðiÞðr; z; tÞ
wðiÞf ðr; z; tÞ
8>>><
>>>:
9>>>=
>>>;
þ
/ðsÞðr; zÞ
/ðsÞf ðr; zÞ
wðsÞðr; zÞ
wðsÞf ðr; zÞ
8>>><
>>>:
9>>>=
>>>;
expðixtÞ; ð35Þ
where the superscript ‘‘(s)’’ is used to indicate the quantities associ-
ated with the scattered wave. Since the potentials for the incident
wave are already known to satisfy the wave equations, it follows
that the following equations
ðb2r2 þx2Þ/ðsÞ þ ðaafr2 þx2qÞ/ðsÞf ¼ 0; ð37aÞ
ðaafr2 þx2qÞ/ðsÞ þ ðafr2 þ qx2=f þ ixbÞ/ðsÞf ¼ 0; ð37bÞ
ðr2  1=r2 þx2ÞwðsÞ þx2qwðsÞf ¼ 0; ð38aÞ
qx2wðsÞ þ ðqx2=f þ ixbÞwðsÞf ¼ 0; ð38bÞ
must be satisﬁed by the potentials of the scattered wave ﬁelds in
addition to the supplementary conditions at the crack surfaces. Inview of the same time factor exp (ixt) appearing in both incident
and scattered wave ﬁelds, thus, for the sake of brevity, it will be
omitted in the subsequent analysis.
For an impermeable and traction-free crack of unit radius (a in
conventional unit), there are no stresses acting on the surface, and
the ﬂow of ﬂuid across the crack surface is prohibited. The follow-
ing conditions can be established within the crack
sðiÞzz ðr;0Þ þ sðsÞzz ðr;0Þ ¼ 0; jrj 6 1; ð39aÞ
sðiÞrz ðr;0Þ þ sðsÞrz ðr;0Þ ¼ 0; jrj 6 1: ð39cÞ
wðiÞz ðr;0Þ þwðsÞz ðr;0Þ ¼ 0; jrj 6 1: ð39bÞ
On account of the symmetry, only the upper half plane zP 0
need to be considered, and the appropriate boundary conditions
deduced from Eq. (39) on the z = 0 plane are
sðsÞrz ðr;0Þ ¼ 0; 0 6 r < 1; ð40aÞ
sðsÞzz ðr;0Þ ¼ sðiÞzz ðr;0Þ; 0 6 r 6 1; ð40bÞ
uðsÞz ðr;0Þ ¼ 0; r > 1; ð40cÞ
wðsÞz ðr;0Þ ¼ wðiÞz ðr;0Þ; 0 6 r 6 1; ð40dÞ
wðsÞz ðr;0Þ ¼ 0; r > 1: ð40eÞ
Thus, the scattered wave ﬁeld problem amounts to solving Eqs.
(37) and (38) for the potentials that satisfy the boundary condi-
tions Eq. (40). In addition, regularity condition requiring all physi-
cal quantities must be bounded at remote distance from the crack
must be met.
An appropriate solution to Eqs. (37) and (38) bounded at large
distance z is
/ðsÞðr; zÞ ¼
Z 1
0
sfA1 expðg1zÞ þ A2 expðg2zÞgJ0ðsrÞds; ð41aÞ
/ðsÞf ðr; zÞ ¼
Z 1
0
sfk1A1 expðg1zÞ þ k2A2
 expðg2zÞgJ0ðsrÞds; ð41bÞ
wðsÞðr; zÞ ¼
Z 1
0
sA3 expðg3zÞJ1ðsrÞds; ð41cÞ
wðsÞf ðr; zÞ ¼
Z 1
0
k3sA3 expðg3zÞJ1ðsrÞds : ð41dÞ
Here, J0 and J1 are, respectively, the zero and ﬁrst order Bessel func-
tions of the ﬁrst kind; Aj ¼ AjðsÞ; ðj ¼ 1;2;3Þ are transform parame-
ters to be determined from the applicable boundary conditions,
while the exponents gj, (j = 1, 2, 3) are deﬁned by
gj ¼ ½s2  zjðx=bÞ2
1=2
; ReðgjÞP 0; j ¼ 1;2;3 ð42Þ
in which z1 and z2 are given by Eq. (22), and
z3 ¼ b2 1 q
2
q=f þ ib=x
 
; ð43Þ
kj ¼ zj1qaaf zj=b2 ; j ¼ 1;2
k3 ¼ ðz3=b2  1Þ=q
9=
;: ð44Þ
Components of stress and displacement related to the scattered
waves and pertinent to further analysis are
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Z 1
0
sh2s½g1A1 expðg1zÞ þ g2A2 expðg2zÞ
 ðs2 þ g23ÞA3 expðg3zÞiJ1ðsrÞds; ð45aÞ
sðsÞzz ðr; zÞ ¼
Z 1
0
s ½2s2  ð1þ aaf k1=b2Þz1x2A1 expðg1zÞ þ ½2s2

ð1þ aaf k2=b2Þz2x2A2 expðg2zÞ  2g3sA3 expðg3zÞ

J0ðsrÞds;
ð45bÞ
uðsÞz ¼
Z 1
0
shg1A1 expðg1zÞ  g2A2 expðg2zÞ
þ sA3 expðg3zÞiJ0ðsrÞds; ð46aÞ
wðsÞz ¼
Z 1
0
shk1g1A1 expðg1zÞ  k2g2A2 expðg2zÞ
þ k3sA3 expðg3zÞiJ0ðsrÞds: ð46bÞ
By virtue of Eqs. (40a) and (45a), the parameter A3 can be read-
ily expressed in terms of A1 and A2 as
A3 ¼ 2s½g1A1 þ g2A2s2 þ g23
; ð47Þ
while the remaining conditions (40b)–(40e) yield a set of simulta-
neous dual integral equations to determine the remaining unknown
parameters A1 and A2Z 1
0
sfa11A1 þ a12A2gJ0ðsrÞds ¼ sðiÞzz ðr;0Þ; 0 6 r 6 1; ð48aÞ
Z 1
0
sfa21A1 þ a22A2gJ0ðsrÞds ¼ 0; r > 1; ð48bÞ
Z 1
0
sfb11A1 þ b12A2gJ0ðsrÞds ¼ wðiÞz ðr;0Þ; 0 6 r 6 1; ð48cÞ
Z 1
0
sfb21A1 þ b22A2gJ0ðsrÞds ¼ 0; r > 1; ð48dÞ
where aij, bij, (j = 1, 2) are functions of s, and depend on frequency
and material properties. They are
a1j ¼ 2s2  ð1þ aaf kj=b2Þzjx2 
4gjg3s2
s2 þ g23
; ð49aÞ
a2j ¼ z3s2 þ g23
gjðx=bÞ2; ð49bÞ
b1j ¼ b2j ¼ 2k3s
2
s2 þ g23
 kj
 
gj: ð49cÞ
With a view towards reduction of the set of integral equations
(48) to a standard pair of dual integral equations, it is necessary
to introduce a new variable
BðsÞ ¼ Ds½a21A1 þ a22A2 ð50Þ
with
D ¼ M1=ðk2  k1Þz3; ð51Þ
M1 ¼ ðb2  1Þ½k1z2  k2z1  k3ðz2  z1Þ þ aaf ½k1k2ðz2  z1Þ
þ k3ðk1z1  k2z2Þ: ð52Þ
Then apply the inversion of the Hankel transform to the last two
equations of Eq. (48) to yield
b21A1 þ b22A2 ¼ 
Z 1
0
rwðiÞz
		
z¼0J0ðsrÞdr ð53Þand solve for A1(s) and A2(s) from Eqs. (50) and (53)
A1ðsÞ ¼ 1DðsÞ a22ðsÞ
Z 1
0
rwðiÞz
		
z¼0J0ðsrÞdr þ
1
D
b22ðsÞs1BðsÞ
 
; ð54aÞ
A2ðsÞ ¼ 1DðsÞ a21ðsÞ
Z 1
0
rwðiÞz
		
z¼0J0ðsrÞdr þ
1
D
b21ðsÞs1BðsÞ
 
ð54bÞ
in which
DðsÞ ¼ a22ðsÞb21ðsÞ  a21ðsÞb22ðsÞ: ð55Þ
Upon substituting for A1(s) and A2(s) from Eq. (54) into Eqs.
(48a) and (48b), the function B(s) is found to be governed by the
standard dual integral equationsZ 1
0
sf ðsÞBðsÞJ0ðsrÞds ¼ gðrÞ; 0 6 r 6 1; ð56aÞ
Z 1
0
BðsÞJ0ðsrÞds ¼ 0; r > 1; ð56bÞ
where
f ðsÞ ¼ 1
DsDðsÞ ½a12ðsÞb21ðsÞ  a11ðsÞb22ðsÞ; ð57Þ
gðrÞ ¼ wðiÞz
		
z¼0
Z 1
0
hðsÞJ1ðsÞJ0ðsrÞds sðiÞzz
		
z¼0; ð58Þ
hðsÞ ¼ 1
DðsÞ ½a11ðsÞa22ðsÞ  a12ðsÞa21ðsÞ: ð59Þ
It is to be noted that as x? 0,
z1 ¼ 1þ OðwÞ; z2 ¼ idþ Oð1Þ; z3 ¼ b2 þ OðwÞ
vf ! 0; wðiÞz ! 0
)
; ð60Þ
there follows f(s)? 1 and g(r)? r1. Thus, in the case of the inci-
dent P1-waves, the scattering problem at hand reduces to the static
case (Sneddon and Lowengrub, 1969) as expected.
Eqs. (56a) and (56b) form the standard pair of dual integral
equations with a known weight function, and its solution is readily
obtained by writing (Copson, 1961)
BðsÞ ¼  2
p
rj
Z 1
0
UðnÞ sinðsnÞdn; j ¼ 1; 2 ð61Þ
in which the auxiliary function, U(n) =U1(n) + iU2(n), satisﬁes the
Fredholm integral equation
UðnÞ þ
Z 1
0
UðsÞKðn; sÞds ¼ QðnÞ; 0 < n 6 1: ð62Þ
Here the kernel K(n, s) is given byc
Kðn; sÞ ¼ 2
p
Z 1
0
½f ðsÞ  1 sinðsnÞ sinðssÞds; 0 < s 6 1; 0
< n 6 1 ð63Þ
and
QðnÞ ¼ ðrjÞ1
Z n
0
rgðrÞdr
ðn2  r2Þ1=2
; j ¼ 1; 2: ð64Þ
Upon substituting for g(r) from Eq. (58) into Eq. (64) and mak-
ing use of the following identities (Sneddon, 1966)
R n
0
rJ0ðsrÞ
ðn2r2Þ1=2
dr ¼ s1 sinðsnÞR n
0
r
ðn2r2Þ1=2
dr ¼ n
9>=
>;; ð65Þ
Fig. 1. Comparison of k1 factors with existing solutions for dry elastic medium.
Fig. 2. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the ﬁrst kind and q = 0.10.
Fig. 3. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the ﬁrst kind and q = 0.30.
Fig. 4. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the ﬁrst kind and q = 0.50.
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QðnÞ ¼ ðrjÞ1 wðiÞz
		
z¼0
Z 1
0
s1hðsÞ sinðsnÞJ1ðsÞdsþ nsðiÞzz
		
z¼0
 
;
j ¼ 1; 2: ð66Þ
This is as far as the development of analytical solution can go, and
the solution, U(n), of the integral equation, Eq. (62), must then be
determined numerically. Since the integral expressions in Eqs.
(63) and (66) are well deﬁned and ﬁnite over the validity range of
variables including their end points, in view of numerical evalua-
tions of the integral, this task can be performed in the usual manner
using standard quadrature. This is evident from f(s) = 1 + O(s2) as
s?1; f(s) = O(s1) as s? 0 and h(s) = O(s1) as s!1; h(s) = O(1)
as s? 0 .However, for the sake of rapid convergence of the numer-
ical evaluation of the kernel, it is advantageous to use its alternative
form (Gradshteyn and Ryzhik, 1965)
Kðn; sÞ ¼ c
2d
fexpðjn sjdÞ  exp½ðnþ sÞdg
þ 2
p
Z 1
0
FðsÞ sinðsnÞ sinðssÞds; ð67Þwhere
FðsÞ ¼ f ðsÞ  1 c
s2 þ d2
; ReðdÞ > 0 ð68Þ
and the parameters c, d are deﬁned in Appendix. The advantage of
the new representation is obvious from [f(s)  1]? O(s2) as
s?1, while F(s) = O(s6) as s?1.
Note that in the limiting case of dry elastic material
(q = af = b = 0) under the purely elastic P-wave, the following
parameters take on the following values
z1 ¼ 1; k1 ¼ k3 ¼ vf ¼ 0; b2 ¼ ð2lþ kÞ=l
D ¼ 2ð1 1=b2Þ; wðiÞz
			
z¼0
¼ 0; sðiÞzz
			
z¼0
¼ r1
9=
; ð69Þ
and the functions f(s) and Q(n) in Eqs. (57) and (66), respectively,
degenerate into the following forms
f ðsÞ ¼ 1
2ð11=b2Þx2g1s
fð2s2 x2Þ2  4g1g3s2g
QðnÞ ¼ n
)
; ð70Þ
Fig. 5. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the ﬁrst kind and q = 0.70.
Fig. 6. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the ﬁrst kind and b = 0.01.
Fig. 7. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the ﬁrst kind and b = 0.10.
Fig. 8. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the ﬁrst kind and b = 1.
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Chen and Sih (1977) on the elastodynamic problem of a penny-
shaped crack under the normally incident P-wave.5. Dynamic stress-intensity factors
In the diffraction problem of waves by an obstacle such as a
penny-shaped crack, the total stress ﬁeld generally consists of both
the stress components of the incident and scattered waves ﬁelds.
However, in light of the regular behavior in the stress components
of the incident waves near of the crack edge, the singular stress is
only affected by the scattered waves. Thus, for the mere purpose of
determining the intensity of the singular stress ﬁeld, which is mea-
sured by mode I stress-intensity factor (k1), it sufﬁces to consider
only the normal stress component szz of the near-ﬁeld solution.
To this end, A1(s) and A2(s) from Eq. (54) are then inserted into
Eq. (45b) in conjunction with Eq. (47). Since the incident waves
produce non-singular stress, the total stress component szz can
be written in the formszzðr;0Þ ¼
Z 1
0
sf ðsÞBðsÞJ0ðsrÞdsþ non-singular terms: ð71Þ
As to be shown, the integral termbecomes inﬁnite at r = +1due to
thebehavior of its integrandat large values of s. In viewof this obser-
vation and following the procedure developed by Sih and Loeber
(1969), the function B(s) in Eq. (61) is then integrated by-parts
BðsÞ ¼ 2
p
rjUð1Þs1 cosðsÞ þ    ð72Þ
and the boundary term contributing to the singular behavior of the
stress at the crack border (r = +1) is then inserted into Eq. (71), there
follows
szzðr;0Þ ¼ 2prjUð1Þ
Z 1
0
f ðsÞ cosðsÞJ0ðsrÞds
þ non-singular terms: ð73Þ
Next, rewrite Eq. (73) in equivalent form
Fig. 9. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the ﬁrst kind and b = 10.
Fig. 11. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the second kind and q = 0.10.
Fig. 13. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the second kind and q = 0.50.
Fig. 10. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the ﬁrst kind and b = 100.
Fig. 12. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the second kind and q = 0.30.
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Z 1
0
f1ðsÞcosðsÞJ0ðsrÞdsþ
Z 1
0
½f ðsÞ f1ðsÞcosðsÞJ0ðsrÞds
 
;
ð74Þ
where f1(s) = 1 is the dominant term of the asymptotic expansion of
f(s) at large s. Evidently, the second integral becomes ﬁnite, while
the ﬁrst integral gives rise to an unbounded stress at r = +1. Thus,
Eq. (74) can be written as
szzðr;0Þ ¼ 2prjUð1Þ
Z 1
0
cosðsÞJ0ðsrÞds
þ non-singular terms: ð75Þ
Now, it is useful to utilize the well-known discontinuous inte-
gral identity (Watson, 1944)
lim
r!þ1
Z 1
0
cosðsÞJ0ðsrÞds ¼
1
ð2r1Þ1=2
þ Oðr01Þ; ð76Þ
where r1 = r  1. Thus, in the limit as r? +1 the singular stress
component szz can be expressed in the form
Fig. 14. Inﬂuence of viscosity-to-permeability ratio on the dimensionless stress-
intensity factor for the normally incident P-waves of the second kind and q = 0.70.
Fig. 15. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the second kind and b = 1.
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þ Oðr01Þ; ð77Þwherek1 ¼ 2prjUð1Þ; j ¼ 1;2 ð78Þare the dimensionless stress-intensity factors which depend on the
applied frequency and material properties, while U(1) is the value
of U(n) evaluated at the crack border. Note that the stress at the
crack border still exhibits the familiar inverse square root singular-
ity ðr1=21 Þ.
It is to be noted further that, due to the complex nature of the
function U(n), the stress-intensity factor k1 is in general complex
quantity. Thus, the ratio of its magnitude normalized by 2rj/p
can be expressed aspjk1j=2rj ¼ jUð1Þj; j ¼ 1;2: ð79Þ
The numerical results of jUð1Þj ¼ ½U21ð1Þ þU22ð1Þ
1=2
calculated
from Eq. (62) will be presented in Section 7.6. Scattered far-ﬁeld
Two physical quantities of interest which play important roles
in the scattering theory of elastic waves are the far-ﬁeld displace-
ment of the scattered wave ﬁelds and the scattering cross section.
They are related and useful to detecting and characterizing the
location, shape and size of crack in solids.
By substituting for A3 from Eq. (47) into Eq. (46a), the displace-
ment z-component of the scattered wave ﬁeld along the positive z-
axis can be expressed as
uðsÞz ¼
X2
j¼1
Z 1
0
s
2s2 expðgjzÞ
s2 þ g23
 expðgjzÞ
( )
gjAjds: ð80Þ
For small frequency range within the validity range of the Biot the-
ory and far away from the crack, it can be shown that the scattered
shear wave and P-wave of the second kind in Eq. (80) are small and
approach zero with respect to the scattered P-wave of the ﬁrst kind.
In this respect the Eq. (80) reduces to
uðsÞz ¼ 
Z 1
0
sg1A1 expðg1zÞds; ð81Þ
where g1 = (s2 x2/b2)1/2 is the approximation of g1 with the two
branches
g1 ¼
x
b
s2
ðx=bÞ2  1
h i1=2
; s > x=b;
ixb 1 s
2
ðx=bÞ2
h i1=2
; s 6 x=b
8><
>: ð82Þ
being chosen such that the displacement function, Eq. (81), repre-
sent an outgoing wave at inﬁnity (Noble, 1958). In view of Eq.
(82), Eq. (81) can be rewritten in the following form
uðsÞz ¼ 
Z x=b
0
sg1A1 expðg1zÞds
Z 1
x=b
sg1A1 expðg1zÞds: ð83Þ
With the aim of expanding the Eq. (83) asymptotically for large
z, it is convenient to write u2 ¼ 1 s2ðx=bÞ2 for s 6 x=b, and
u2 ¼ s2ðx=bÞ2  1, for s >x/b, so that Eq. (83) becomes
uðsÞz ¼ iðx=bÞ3
Z 1
0
u2A1 exp½iðx=bÞzudu
 ðx=bÞ3
Z 1
0
u2A1 exp½ðx=bÞzudu: ð84Þ
It can be seen that as z?1 the second integral vanishes, while
the ﬁrst integral can be expanded asymptotically utilizing the
asymptotic expansion representations (Erdelyi, 1956) for large z.
This leads to the low-frequency approximation of the displacement
uðsÞz  ðx=bÞ2A1ð0Þ
1
z
exp½iðx=bÞz; ð85Þ
where
A1ð0Þ ¼ lim
s!0
b22ðsÞ
2ð1 1=b2ÞDðsÞ
BðsÞ
s
" #
: ð86Þ
Upon substituting for b22(s), D(s) and B(s) from Eqs. (49c), (55),
and (61) into the Eq. (86) and carrying out the limiting process, the
asymptotic far-ﬁeld displacement Eq. (85) can be expressed in the
following form
uðsÞz  FP1ð0Þ
1
z
exp½iðx=bÞz; z !1; ð87Þ
where
FP1ð0Þ ¼ ipð1 1=b2Þ
x
b
r1
Z 1
0
UðnÞndn ð88Þ
crepresents thescatteringamplitudeof the scatteredplanedilatational
wave of the ﬁrst kind. The scattering amplitude is closely related to the
Fig. 16. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the second kind and b = 10.
Fig. 18. Comparison of the scattering cross section Sc with existing solution of dry
elastic medium.
Fig. 19. Scattering cross section Sc versus dimensionless frequency for q = 0.5.
Fig. 17. Inﬂuence of mass density ratio on the dimensionless stress-intensity factor
for the normally incident P-waves of the second kind and b = 100.
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the energy of scattered waves to the energy of the incident wave. Fol-
lowing Martin andWickham (1983), they are related by
Sc ¼ 4pb2RefFP1ð0Þg: ð89Þ
For the mere purpose of calculating the scattering cross section,
the stress amplitude r1 representing the static value of the normal
stress component sðiÞzz in low frequency range, i.e.,
sðiÞzz ¼ r1 exp½iðxz=bþxtÞ, can be taken as unity in line with that
of Martin and Wickham (1983). It follows that Eq. (89) can be ex-
pressed as
Sc ¼ 4b
2
ð1 1=b2Þ
x
b
Im
Z 1
0
UðnÞndn: ð90Þ
The numerical values of the scattering cross section normalized
by the area of the crack are computed and shown graphically in the
next section.
7. Numerical results and discussion
Numerical results of the normalized stress-intensity factors
p|k1|/2rj, (j = 1, 2) and the normalized scattering cross section Sc/
p as given, respectively, by Eqs. (79) and (90), are presented in this
section. The function U(n) appearing in the equations are deter-
mined numerically from the integral equation (62) using standard
quadrature.
7.1. The stress-intensity factors
Accuracy of the present solution procedure described in Sec-
tion 5 is veriﬁed by carrying out the numerical work for the limit-
ing case of dry elastic materials. This is achieved by assigning small
values to the parameters a,M, f, q and b and then comparing the re-
sults with the existing solutions of the corresponding dry elastic
medium. The small value of 0.001 was found to give solution in
excellent agreement with the existing solution. Fig. 1 displays
the comparison of the numerical results of k1 factors with those
obtained by Chen and Sih (1977) for three different Poisson’s ratios
m ¼ 0:10; 0:25; 0:33. This is equivalent to three sets of Lame’ con-
stants l = 16, 15, 30 GPa, and k = 4, 15, 15 GPa used in the numer-
ical calculation. Excellent agreement of the present solutions with
the existing ones is observed.
In order to explore the inﬂuence of pore ﬂuid upon the dynamic
stress-intensity factor, numerical results pjk1j=2rj, (j = 1, 2) have
been computed for material properties: l = 6.0 GPa, k = 4.0 GPa,
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0.5, 0.7) and b (0.01, 0.1, 1, 10, 100). The results are then displayed
versus dimensionless frequency (x) in Figs. 2–17.
For crack under the normally incident P-waves of the ﬁrst kind,
Figs. 2–5 exhibit the dependence of pjk1j=2r1 (or the ratio of dy-
namic to static stress-intensity factor) upon x with varying b,
and Figs. 6–10 display similar plots of curve as q varies. The plots
of the result for dry elastic medium obtained by using the func-
tions deﬁned by Eq. (70) are also shown in the ﬁgures as dotted
curves. The general trend of curve is that it rises to the peak at cer-
tain frequency value and then decays with increasing frequency.
The highest peak occurs at x = 1.47when q = 0.1 and b = 0.01 with
the value of 1.94, much higher than that of the corresponding dry
material counterpart (1.48) approximately by 31%. When q 6 0:5,
Figs. 2–5 show that the peaks of curves decrease as b increses.
The reverse trend is seen for q = 0.7. In Figs. 6–10, the peak magni-
tude of k1 decreases and shifts toward lower frequency values
when q increases from 0.1 to 0.7 while the values of b are held
ﬁxed. At lower b, large variation in jk1j is observed as q changes
from 0.1 to 0.7, and the stress-intensity factor becomes insensitive
to the changes in q when b ¼ 100. Note that when x? 0, all the
curves approach unity value, meaning that the static stress-inten-
sity factor k1 = 2r1/p is recovered at very long wavelength.
As regards the response of the medium under the incident P-
waves of the second kind, similar plots of curves representing
the variations of pjk1j=2r2 against x are displayed in Figs. 11–
17. In Figs. 11–14, the impact of varying the viscosity-to-perme-
ability ratios (b) on k1 for ﬁxed values of q ¼ 0:1; 0:3; 0:5 and
0.7 are shown, respectively. Large variation in |k1| is observed par-
ticularly at the end of the curves (x = 2.29) as b changes from 1 to
100. For b = 100, the curves increase with increasing frequency at a
much higher rate over the frequency rangex = 0–1.5. The next ser-
ies of curves in Figs. 15–17 demonstrate the inﬂuence of the mass
density ratio (q) on k1. Generally speaking, the peaks of curves in-
crease as q increases. At b = 1, the inﬂuence of mass density ratio is
seen to affect the stress-intensity factor signiﬁcantly over a wide
range of frequency. However, as b increases further, such effect is
visible only beyond a certain frequency values. This is clearly dem-
onstrated in Figs. 16 and 17 for b = 10 and 100, respectively. At
such values of b, the stress-intensity factors were found to be inﬂu-
enced by the changes in q over the frequency ranges x > 0.5 and
x > 1.5, respectively.
7.2. The scattering cross section
Martin and Wickham (1983) solved the diffraction problem of
incident P-wave by a penny-shaped crack of dry elastic medium
using the elastodynamic theory and presented the numerical re-
sults of Sc/p. Their results were later veriﬁed by Zhang and Gross
(1992) using different method (the boundary integral equation
method or BIEM). To verify the present solution procedure, the
normalized scattering cross section Sc/p of a limiting dry elastic
material were computed and compared with their solutions in
Fig. 18. The limiting solution of the present solution scheme for
dry elastic medium can be obtained when the parameters
a,M, f, q and b tend to zero. The material properties l = k = 15 GPa
with the equivalent Poisson’s ratio of 0.25 have been used. Very
close agreement between the two solutions was found, except
slight discrepancy at the frequency value of 0.5.
Fig. 19 exhibits the normalized scattering cross section Sc/p ver-
sus the dimensionless frequency x for material properties
l = 6.0 GPa, k = 4.0 GPa, f = 0.19, a = 0.78, M = 13.5 GPa and for ﬁxed
values of q = 0.5 and b = 1, 100. The result for the corresponding dry
elastic medium is also shown as dotted curve for comparison, and
the inﬂuence of pore ﬂuid is clearly observed. Note that the charac-
ters of the scattering cross section remain essentially identical inboth media, although in the two-phase medium, the peaks are sub-
stantially lower (about 13%) and occur at approximately the same
frequency valuex  2 with slight shifting in peak toward lower fre-
quency as b decreases. Such difference can be attributed to part of
the energy being scattered has been lost into the slow wave which
diminishes at far distance from the scattering crack object.8. Conclusions
The dynamic crack problem of a saturated porous medium con-
taining a pre-existing ﬂaw or crack of penny-shape under the prop-
agating compressional waves has been solved. The low frequency
Biot’s theory (Biot, 1956a) of elastic wave propagation has been ap-
plied to predict the response of the complex system in this study.
This includes the evaluation of the near-ﬁeld stress-intensity factor
at the crack border and the far-ﬁeld displacement, in particular the
scattering cross section. Two types of compressional wave have
been considered, namely, compressional waves of the ﬁrst kind
(P1-wave or fast wave) and the second kind (P2-wave or slow
wave), both of which are harmonic in time. The mixed-boundary
problem was formulated utilizing the integral transform technique
and reduced to that of ﬁnding the solution of Fredholm integral
equation of the second kind, whose solution was then solved
numerically to yield the dynamic stress-intensity factor (k1) and
scattering cross section (Sc). Validity of the present solution
scheme is proved by carrying out computations of two examples
for a limiting case of dry material. Excellent agreement with
known results in literature is observed for both k1 and Sc. The scat-
tering of P1-waves cause signiﬁcant increase in the stress-intensity
factor over the dry elastic medium for material possessing low vis-
cosity-to-permeability and mass density ratios. In the far-ﬁeld
solution, the two highly attenuate reﬂected slow wave and shear
waves diminish at large distance from the scattering crack object,
only the fast wave being visible. The scattering cross section in
the porous medium is similar in character to the dry medium with
substantially lower in peak (about 13%). In the case of scattering of
the incident P2-waves, the stress-intensity factors increase with
increasing values of mass density ratio for the frequency range of
interest. At higher values of viscosity-to-permeability ratio the
pore ﬂuid has insigniﬁcant effect upon the stress intensity factor,
especially within the low frequency range.
It should be mentioned that at higher frequencies beyond the
validity range of the Biot theory (1956a) the behavior of the P2
wave, which at low frequencies behaves like a diffusion process,
tends toward the purely elastic wave (Biot, 1956b) and the scatter-
ing may not signiﬁcantly differ from the classical elastic case
(Gurevich et al., 1998). Further investigation on this point is still
needed and the result will be presented in the next report. More-
over, the solution method as presented in this paper can be equally
adopted to solve the same type of problem but with different crack
surface conditions (Deresiewicz and Skalak, 1963; dell’Isola et al.,
2009; Madeo and Gavrilyuk, 2010).
Finally, it is to be noted here further that the underlying classi-
cal Biot theory from which the present study has been developed is
based on the concept of continuum materials which neglects the
microstructure effects (second gradient effects). An extension of
the Biot theory to include such effects in microstructure porous
materials has been proposed in a systematic manner by Sciarra
et al. (2007). This extended theory may be used to regularize the
stress distribution in the region of discontinuities of ﬁeld variables
ahead of the crack tip, which is more descriptive of physical reality.
The information gain in this study is useful to quantitative non-
destructive evaluation (QNDE) and assessing the initiation and/or
propagation of existing ﬂaws or cracks under ﬂuctuating loadings
in porous materials.
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Appendix A.
For the sake of easy reference, the following abbreviations
which have been used in this paper are deﬁned here
c ¼ ðx=bÞ2H1; ðA1Þ
d2 ¼ ðx=bÞ2H2=H1; ðA2Þ
H1 ¼ N2 þM2=M1; ðA3Þ
H2 ¼ N3 þ ðM3 þ N2M2Þ=M1; ðA4Þ
M2 ¼ E2  G2; ðA5Þ
M3 ¼ E3  G3; ðA6Þ
N2 ¼ ðz1 þ z2  z3Þ=2; ðA7Þ
N3 ¼ ð3z21 þ 3z22 þ 2z1z2  2z1z3  2z2z3Þ=8; ðA8Þ
E2 ¼ ð1 b2  aaf k2Þðk3z3  k3z1 þ k1z1Þz2=2
þ ðk3  k1Þðz23 þ z22Þ=4; ðA9Þ
E3 ¼ ð1 b2  aaf k2Þð2k3z23  2k3z1z3  k3z21 þ k1z21Þz2=8
þ ðz23 þ z22Þðk3z3  k3z1 þ k1z1Þ=8þ ðk3  k1Þð2z33
 z23z2 þ z32Þ=8; ðA10Þ
G2 ¼ ð1 b2  aaf k2Þðk3z3  k3z2 þ k2z2Þz1=2þ ðk3  k2Þ
 ðz23 þ z21Þ=4; ðA11Þ
G3 ¼ ð1 b2  aaf k1Þð2k3z23  2k3z2z1  k3z22 þ k2z22Þz2=8
þ ðz23 þ z21Þðk3z3  k3z2 þ k2z2Þ=8þ ðk3  k2Þð2z33
 z23z1 þ z31Þ=8: ðA12ÞReferences
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